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Detecting free-mass common-mode motion induced by incident gravitational waves
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In this paper we show that information on both the differential and common mode free-mass response to a
gravitational wave can provide important information on discriminating the direction of the gravitational wave
source and between different theories of gravitation. The conventional Michelson interferometer scheme only
measures the differential free-mass response. By changing the orientation of the beam splitter, it is possible to
configure the detector so it is sensitive to the common-mode of the free-mass motion. The proposed interfer-
ometer is an adaptation of the Fox-Smith interferometer. A major limitation to the new scheme is its enhanced
sensitivity to laser frequency fluctuations over the conventional, and we propose a method of cancelling these
fluctuations. The configuration could be used in parallel to the conventional differential detection scheme with
a significant sensitivity and bandwidth.@S0556-2821~99!03308-1#

PACS number~s!: 04.80.Nn, 95.55.Ym
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I. INTRODUCTION

Interferometric gravitational wave detectors are n
poised to detect gravitation waves from astrophysical sou
over a large detection bandwidth. Large detectors of a
kilometers are currently under construction in Europe a
the USA ~VIRGO and LIGO! @1–3#. Other current projects
include detectors of order a few hundred meters~GEO,
TAMA, and ACIGA! @4# as well as cryogenically coole
detectors~LCGT! @5#. Standard configurations of these d
tectors will be sensitive to the quadrupole component of
diation predicted by Einstein’s theory of general relativ
~GR!. Much work has been done in regards to these type
detectors, and for a good description see@6# and references
therein.

It is widely acknowledged that GR may not necessa
describe gravity in the strong-field regime, and alternat
scalar-tensor theories exist that cannot be disproved f
experimental evidence to date. Also, it has been shown
these theories may be important in describing inflation m
els of the universe@7# as well as unified theories such a
string theory@8–10#. In particular, it has been shown th
Brans-Dicke theory@11# will produce significant amounts o
scalar radiation in collapsing astrophysical systems@12–16#,
especially in spherical symmetric collapse.

It is well known that spherical resonant-mass detect
can determine the direction of the incoming signal; this pr
ciple was first shown in 1971 by Forward@17# and later
revived by Merkowitz and Johnson in 1993@18#. Also, it has
been known since 1971 that a spherical antenna could
used to distinguish between different polarizations and m
ric theories of gravitation@17#. Recently a more detailed
analysis was performed which has fully revived the conc
of the spherical detector@19#. A disadvantage of a spherica
0556-2821/99/59~10!/102002~14!/$15.00 59 1020
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detector is that the frequency of detection of any scalar co
ponent is limited to the monopole modes of the sphere wh
are different to the frequency of the spherical quadrup
modes. Thus to determine the quadrupole and scalar con
the radiation itself must be sufficiently broadband to cov
both frequencies, which necessarily limits the detection
burst wave forms. Also, a different set of resonant transd
ers is required at the monopole frequency, and would ad
the complexity of the detector.

In this paper the antenna beam patterns were calcul
for both the common mode and differential motion of t
interferometer test masses. Beam patterns were calculate
the six possible polarizations available in metric theories
gravitation. We show from the calculated beam patterns
important information is acquired that can discriminate t
direction of the source and between the metric theories
gravitation. Specifically we highlight the example of di
criminating between Brans-Dicke scalar waves and Eins
quadrupole radiation. Following this we present a practi
scheme based on a Fox-Smith interferometer that may
configured to measure the common-mode response of g
tational radiation at a similar sensitivity and bandwidth to t
conventional differential interferometer schemes. The F
Smith configuration is not limited to detecting burst sourc
and is generally broadband. Also, it could be added as on
the beams in the LIGO detector so a simultaneous detec
of the differential and common-mode response to grav
tional radiation can be achieved.

II. INTERFEROMETER RESPONSE TO INCIDENT
GRAVITATIONAL WAVES

Incident gravitational radiation will cause relative motio
of the two mirror test masses with respect to the beam s
©1999 The American Physical Society02-1
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ter of the interferometer. In general this motion will have
differential and common-mode component. Michelson ty
interferometers are only sensitive to the differential com
nent so past analysis of interferometer response has m
dealt with the quadrupole radiation of general relativity ca
ing differential motion of the two test masses@20,21#. In this
section we assume both the common-mode and differe
responses may be detected and we calculate the antenn
terns with respect to the six independent possible polar
tions @22#.
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Gravitational waves are believed to propagate as a te
wave given by

]2hab

]xa
2 2

1

c2

]2hab

]t2 50. ~1!

The general form of a gravitational wave in thez direction
can be written as
r

n of
hab5S hRe@C4#e
ifRe@C4#tab1hIm@C4#e

if Im@C4#sab1hRe@C3#e
ifRe@C3#qab

1hIm@C3#e
if Im@C3#pab1hF22

eifF22nab1hC2
eifC2mab

D e2 i ~vt2kz!. ~2!

Here the subscripts follow the Newman-Penrose parameters; Re@C4# is the plus~or in phase! quadrupole polarization; Im@C4#
is the cross~or quadrature! quadrupole polarization; Re@C3# is the in phase vector polarization; Im@C3# is the quadrature vecto
polarization;F22 is the transverse scalar polarization;C2 is the longitudinal scalar polarization. Each polarization in Eq.~2!
is represented by a scalar amplitude,hi , and phase shift,f i , followed by a second order tensor that describes the patter
the polarization. The pattern tensors have the form
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To calculate the output response we follow closely
method used by Forward where a tensor format for the c
bined response of the two interferometer arms was assu
@20#. Forward showed the response could be written as

Dj5
1

2
habAab, ~4!

whereAab is the tensor format of the response of the tw
arms. Assuming that the arms of the interferometer are al
the x andy axis andl is equal to the arm length, the differ
ential format can be written as

Adi f f
ab 5F 0

0
0
0

0
1
0
0

0
0

21
0

0
0
0
0
G l ~5!

and the common-mode format may be written as

Acm
ab5F 0

0
0
0

0
1
0
0

0
0
1
0

0
0
0
0
G l . ~6!
e
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To calculate the sensitivity pattern we assume the grav
tional wave is incident on the interferometer from an ar
trary direction defined by anglesu and f, but with the po-
larization anglec assumed to be zero, as shown in Fig.
Before the response given by Eq.~4! can be calculatedhab
must be converted to the coordinate system of the inter
ometer given thatAab is in the interferometer frame. To d

FIG. 1. Co-ordinate system where thex andy axis represent the
directions of the interferometer arms, and the dashed system re
sents the coordinates of the gravitational radiation.
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TABLE I. Normalized differential and common mode response of a free-mass interferometer detec
unit arm length to the six possible metric polarizations.

Radiation type NP parameter Dj int differential Dj int common mode

Quadrupole plus
~in phase!

Re@C4# 1

2
cos 2f~11cos2 u!

1

4
~12cos 2u!

Quadrupole cross
~quadrature!

Im@C4# 2cosu sin 2f 0

Vector ~in phase! Re@C3# sinu sin 2f 0
Vector ~quadrature! Im@C3# 1

2
cos 2f sin 2u 2

1

2
sin 2u

Scalar transverse F22 1

2
cos 2f sin2 u

1

2
~11cos2 u!

Scalar longitudinal C2
2

1

2
cos 2f sin2 u

1

2
sin2 u
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this we use the general form of the rotation matrix,Rb
a , with

the Euler angleC equal to zero@23#:

Rb
a5F 1

0
0
0

0
cosu cosf

2sinf
2sinu cosf

0
cosu sinf

cosf
2sinu sinf

0
sinu

0
cosu

G . ~7!

Thus, Eq.~4! can be rewritten in the interferometer frame

Dj int 5
1

2
Ra

g21
hgdRb

d Aab. ~8!

We implement this equation by considering the six polari
tions of Eqs.~2! and~3! independently, i.e., by assuming th
amplitudes of all the polarizations except for the one un
consideration are zero. The normalized~assuming the ampli-
tude is unity! common-mode and differential response p
unit arm length of the six polarizations are summarized
Table I, and plotted in Figs. 2~a!–2~l!.

In the past only the differential response to the quadrup
radiation has been considered. In general quadrupole ra
tion can consist of two polarizations. In our calculations
was assumed that the polarization angle~or Euler angle! was
zero. There is no particular angle that is special, as the c
vention for choosing the zero of the polarization angle
arbitrary. Thus, a polarized gravitational wave will be in fa
a linear combination of the plus and cross polarizations
the antenna pattern will depend on the angle of polarizat
However, if we assume the radiation is unpolarized and c
sists of many gravitons of random polarization, the ante
pattern may be calculated by taking the square root of
sum of the squares of Re@c4# and Im@c4#. Figure 2~d! shows
the response to the unpolarized case; this is the same
sponse calculated by Saulson@6#.

The broad angular response of the interferometer to
ferential motion has been described by Saulson as bo
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‘‘blessing and a curse.’’ This is because it is very nondire
tional and behaves more like an ear on the ground tha
telescope pointed towards the sky. The blessing is that
very easy to survey the sky, the curse is that it is very hard
determine the position in the sky without an extreme amo
of effort. If only the differential motion is monitored, th
direction can be determined from difference in arrival tim
of signals from detectors at widely separated locations.
uniquely define the position four detectors are needed.

The common-mode response to the plus quadrupole
larization is shown in Fig. 2~b!. The response to the cros
polarization is zero, thus the response to unpolarized qu
rupole radiation will be the same as Fig. 2~b!. The striking
feature of the antenna pattern of the common-mode resp
is that it is very directional and mainly responds to signals
the x-y plane of the interferometer. Thus, if the commo
mode response can be detected a comparison with the d
ential response will give information on the direction of th
gravitational wave source.

There is no definite experimental proof that quadrup
radiation is the only type of gravitation radiation. In partic
lar Brans-Dicke theory predicts the existence of a transve
scalar wave. The common-mode response to the transv
scalar wave is shown in Fig. 2~j!. The response is very broad
and thus a sensitive detection scheme for scalar waves ca
created by monitoring the common-mode motion. Comp
ing the differential response of the transverse scalar wa
we note that it is very directional and information regardi
the direction of a scalar wave could be determined by mo
toring both the common-mode and differential responses

It is evident that the scalar radiation mainly induces
common-mode signal while the quadrupole radiation mai
induces a differential signal. Thus, by monitoring the relat
amounts of each, a test of gravitational theories could
undertaken. There are many combinations of different po
izations that could be looked at. It is not our intention to
through all these possibilities. In the next section we w
restrict ourself to Brans-Dicke theory which includes t
quadrupole and transverse scalar polarizations.
2-3
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FIG. 2. ~a! Antenna sensitivity pattern for the differential response to the plus quadrupole polarization Re@C4#, with thex-axis labeled on
the bottom and they-axis labeled on the top.~b! Antenna sensitivity pattern for the common-mode response to the plus quadr
polarization Re@C4#, with the x-axis labeled on the bottom and they-axis labeled on the top.~c! Antenna sensitivity pattern for the
differential response to the cross quadrupole polarization Im@C4#, with thex-axis labeled on the bottom and they-axis labeled on the top. The
common-mode response to this polarization is zero for allu andf. ~d! Antenna sensitivity pattern for the differential response to unpolari
quadrupole radiation (Re@C4#

21Re@C4#
2)1/2, with the x-axis labeled on the bottom and they-axis labeled on the top. The common-mod

response to unpolarized radiation is the same as in~b! because the common-mode response to the cross polarization is zero.~e! Antenna
sensitivity pattern for the differential response to the in phase vector polarization Re@C3#, with thex-axis labeled on the bottom and they-axis
labeled on the top. The common-mode response to this polarization is zero for allu andf. ~f! Antenna sensitivity pattern for the differentia
response to the quadrature vector polarization Im@C3#, with thex-axis labeled on the bottom and they-axis labeled on the top.~g! Antenna
sensitivity pattern for the common-mode response to the quadrature vector polarization Im@C3#, with thex-axis labeled on the bottom an
the y-axis labeled on the top.~h! Antenna sensitivity pattern for the differential response to unpolarized vector radiation (Re@C3#

2

1Re@C3#
2)1/2, with thex-axis labeled on the bottom and they-axis labeled on the top. The common-mode response to unpolarized rad

is the same as in~g! because the common-mode response to the in-phase polarization is zero.~i! Antenna sensitivity pattern for the
differential response to the transverse scalar polarizationF22, with the x-axis labeled on the bottom and they-axis labeled on the top.~j!
Antenna sensitivity pattern for the common-mode response to the transverse scalar polarizationF22, with thex-axis labeled on the bottom
and they-axis labeled on the top.~k! Antenna sensitivity pattern for the differential response to the longitudinal scalar polarizationC22, with
the x-axis labeled on the bottom and they-axis labeled on the top.~l! Antenna sensitivity pattern for the common-mode response to
longitudinal scalar polarizationC22, with thex-axis labeled on the bottom and they-axis labeled on the top.
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III. DETERMINING DIRECTION AND THE SCALAR
CONTENT IN EINSTEIN AND BRANS-DICKE THEORY

First we assume the theory of general relativity is corre
and that 100% unpolarized quadrupole radiation is incid
on the detector. The ratio of the differential to commo
mode response is given by

gquad

5A„

1
2 cos 2f~11cos2 u!…21~2cosu sin 2f!2

„

1
4 ~12cos 2u!…2

. ~9!

This function is plotted as a two-dimensional contour plot
Fig. 3, withu as the vertical axis andf as the horizontal. The
10200
t,
t

-

distinguishing feature is that most of the time the different
response is greater than the common-mode response (gquad

.0 dB); the exception is at the bisectors of the interfero
eter arms in thex-y plane at u5p/2 and f56p/4 or
63p/4. At these points the differential response is zero. T
common-mode signal remains greater than the differentia
all angles in thex-y plane (u5p/2) except along the inter
ferometer arms where the response is equal (gquad50 dB).
If the differential response is greater than the common m
response by at least 10 dB this means thatu,p/4 or u
.3p/4, and asu→0 or u→p, the common mode respons
decreases very rapidly to zero. Clearly if we know that t
radiation is quadrupole we can determine information ab
the direction. For example, ifgquad was measured to be 1
dB, from Fig. 3 it could be determined thatu must bep/4 or
2-4
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FIG. 2. ~Continued!.
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3p/4. This will describe two circles in the celestial sphe
and will reduce the number of necessary detectors to
point the position. If a second detector that uses both c
mon mode and differential detection was used, the inters
tion of the four circles on the celestial sphere could be u
to pin point at most 8 possible patches on the sky~could be
less depending on the orientation of the two detectors w
10200
n-
-

c-
d

h

respect to the gravitational wave!. If we then used the time
difference of arrival between the two detectors, the pa
from which the radiation came from could be determined
long as the time difference circle on the celestial sphere li
up with only one of the patches. Thus to determine the
rection only two detectors are necessary rather than four
effect still four detectors are being used, i.e., two comm
2-5
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FIG. 2. ~Continued!.
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mode and two differential. For more details on determin
direction and waveform using the conventional interfero
eter, see Saulson~p. 255 of@6#! and Gürsel and Tinto@24#.

In Brans-Dicke theory a large amount of transverse sc
radiation can exist as well as the quadrupole compon
especially in the case of symmetrical collapse. Suppose
that a pure transverse scalar wave was incident on the d
10200
g
-

ar
t,
w

ec-

tor, the ratio of the differential to common-mode response
then given by

gscal5A~ 1
2 cos 2f sin2 u!2

„

1
2 ~11cos2 u!…2

. ~10!
2-6



DETECTING FREE-MASS COMMON-MODE MOTION . . . PHYSICAL REVIEW D 59 102002
FIG. 2. ~Continued!.
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A contour plot of this function is shown in Fig. 4. For th
case the common-mode response is always greater tha
differential response, except for when the radiation is in
dent along thex or y axis of the interferometer, at thes
points they are equal.

For a specific value ofgscal four possible contours must b
considered. In general the contour plot is different to

FIG. 3. Contour plot ofgquad as a function of azimutal anglef
and longitudinal angleu.
10200
the
i-

e

quadrupole plot of Fig. 3. The only plane where they a
equal is in thex-y plane. Thus, if the direction of the grav
tational wave source can be determined using the time
ference technique of four detectors, then the amount of
ferential to common-mode response could uniquely
termine the scalar and quadrupole content of the radiat
The exception is in thex-y plane where a transverse unp

FIG. 4. Contour plot ofgscal as a function of azimutal anglef
and longitudinal angleu.
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larized quadrupole gravitational wave will give the same
sponse as the transverse scalar wave.

It is clear that there is a major benefit if the commo
mode response of a free-mass interferometer is monito
along with the differential response. In the next section
introduce a scheme based on a Fox-Smith interferometer
in principle can measure the common-mode response w
significant sensitivity.

IV. FOX-SMITH CONFIGURATION

The basic adaptation for the Fox-Smith~FS! configuration
is shown in Fig. 5. It is obtained by simply rotating the bea
splitter of the normal configuration by 90°. However, t
operation is somewhat different. The conventional interf
ometer is nonresonant unless Fabry-Pe´rot ~FP! cavities are
purposefully put in the arm of the detector. In this case i
not necessary to put mirrors in the arms as the beam sp
forms a L-shaped FS cavity with the two end mirrors.

Quadrupole gravitational waves will induce mostly diffe
ential shifts in the arm lengths of an interferometric gravi
tional wave antenna, depending on the direction of the
coming wave. For this reason the conventional int
ferometric detector is configured to measure the differen
motion of the arm lengths. However, for the new configu
tion shown in Fig. 5, the path length of the laser light in t
FS interferometer will be directly perturbed by comm
mode changes in the arms and remain unchanged with
spect to differential changes. A scalar gravitational field w
induce mainly common mode shifts in the arms. Hence
system in Fig. 5 will be mainly sensitive to scalar gravit
tional radiation as discussed previously.

The interferometer is also sensitive to the frequency no
of the incident laser as it interferes light directly reflect
from the interferometer with resonant light. In fact th
scheme is the laser equivalent of the microwave interfe
metric read out used on the Niobe resonant-mass detect
UWA, which is also sensitive to the pump oscillator fr
quency noise@25#. Well known ways of cancelling the phas
noise at microwave frequencies may be adapted to laser
quencies. One such method is to implement a tuned rid
dummy cavity that can supply the same dispersion as
resonant motion sensor. This method has been success
used at microwaves in a high-sensitivity room temperat

FIG. 5. Schematic of the Fox-Smith~F-S! interferomeric detec-
tor.
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sapphire transducer@26#. The proposed FS laser interferom
eter with phase noise cancellation is shown in Fig. 6. L
the conventional configuration, we will show that the outp
port can be tuned to be dark with all the power reflected b
to the laser. This is imperative for the read out electronics
operate in the nonsaturated small-signal regime where
noise added is a minimum. In the following sections ma
ematical analysis is presented to show the principles of
eration and to compare the sensitivity to the conventio
Michelson Fabry-Pe´rot schemes.

V. MATHEMATICAL ANALYSIS

A. Basic Fox-Smith interferometer

To illustrate the principle of operation the following a
sumptions are made:~1! A normalized laser amplitude o
zero phase shift is incident on the interferometer;~2! the
lengths of the interferometer arms areL1 and L2 , with a
corresponding phase shift ofu1 andu2 ; ~3! perfect reflectiv-
ity mirrors exist at the end of the arms;~4! the beam splitter
phase reference is taken to give a reflection coefficient of2r
andr from the incident laser side and FS cavity side, resp
tively, with a transmission coefficient oft. From these as-
sumptions a typical zig-zag diagram that traces the laser
throughout the interferometer is shown in Fig. 7. The amp
tude at the output and back port can be summed up to g

Aout5r„211t2eiu2eiu1~11r2eiu2eiu1

1r4ei2u2ei2u11¯ !…, ~11a!

Aback5t2eiu2~11r2eiu2eiu11r4ei2u2ei2u11¯ !.
~11b!

Assuming a lossless system wheret2512r2, and given that
(12x)21511x1x21x31¯ , then Eq.~11! can be rewrit-
ten as

Aout5rS eiu1eiu221

12r2eiu1eiu2D , ~12a!

FIG. 6. Fox-Smith Interferometer with phase noise cancelati
Dark Port 1 and 2 are both sensitive to the common-mode motio
the mirrors. However, dark port 2 is highly sensitive to the la
frequency noise, while dark port 1 is not. Dark port 2 gives a hig
sensitive way of monitoring the performance of the laser while
system is online. The rigid high finesse cavity could be eith
Fabry-Pe´rot ~F-P! or ~F-S!.
2-8
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Aback5
~12r2!eiu2

12r2eiu1eiu2
. ~12b!

For the interferometer to be useful as a detector the ray
the laser light must interfere in a way to give destruct
interference and a null output, withAout equal to zero and
Aback equal to unity. To satisfy this situation the followin
phase condition must be met:

u152n1p, u252n2p, ~13!

wheren1 andn2 are the integral number of wavelengths
the interferometer arms. This is a similar requirement fo
conventional interferometer which also must have its ph
adjusted to operate on a null. Condition~13! also satisfies the
necessary condition that the laser is incident at a reso
frequency.

The dark output is independent on the reflection coe
cient, and hence the ratio in which the beam is split is on fi
glance not important~later we show it does have implica
tions for the sensitivity!. Just as the dark port output is ind
pendent of beam splitter reflectivity, so is the reverse am
tudeAback, and is equal to unity. When the reflectivity of th
mirror is small the power in arm 2 is approximately equal
the laser power, and the power in arm 1 approaches z
This limit approximates a single arm delay line interfero
eter with one pass. As the reflectivity increases the finess
the FS cavity increases and so does the power in the in
ferometer arms. Thus, one might expect the sensitivity of
configuration to increase with beam splitter reflectivity. Th
is indeed true and later we show how the sensitivity depe
on reflectivity.

B. Signal sensitivity to interferometer phase changes

Gravitational waves interacting with the free-mass syst
will cause small perturbations in the length and hence ph
of the interferometer arms. A differential-mode leng
change of two arms of similar length will cause the pha
given by Eq.~13! to be perturbed, and can be written as

FIG. 7. Ray diagram of the Fox-Smith interferometer.
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u152n1p1Du, u252n2p2Du, ~14!

whereDu is the phase perturbation in each arm. Substitut
Eq. ~14! into Eq.~12! givesAout50 andAback51, and shows
the FS scheme is insensitive to differential motion of the e
mirrors.

On the other hand, a common-mode shift of the two ar
requires the phase shift of the two arms to be given by

u152n1p1Du, u252n2p1Du. ~15!

Substituting into Eq.~12a! and assumingDu!1, then the
corresponding change in amplitude at the dark port can
calculated to be

DAout5
2irDu

12r2 . ~16!

From Eq.~16! the resonant effect is apparent because as
beam splitter reflectivity increases so will the magnitude
the signal. For this configuration it is impossible to tell b
tween frequency fluctuations of the laser and of the FS c
ity, thus the phase noise of the laser will be amplified by
same amount as the signal, and will limit the sensitivity.

C. Fox-Smith interferometer with phase noise cancellation

In this section we illustrate how the phase noise can
cancelled by interfering the bright port of the FS cavity wi
a rigid FP cavity, while remaining sensitive to the comm
mode displacement of the FS cavity arms. In actual fact
FP cavity will exhibit resonant frequencies inversely prop
tional to its length and will not be ideally rigid. This effect i
discussed in detail later.

The schematic of the setup is shown in Fig. 8. Assum
a lossless beam splitter with a reflection coefficientrbs and
2rbs on the laser side and FS cavity side respectively, w
a transmission ofA12rbs

2 , the amplitude at the output por
is given by

FIG. 8. Interference of light from a Fox-Smith free-mass inte
ferometer with a rigid Fabry-Pe´rot cavity. The complex reflection
coefficient from both cavities,GFS andGFP are given assuming the
end mirrors are highly reflective compared to the input mirrors.
2-9
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Aout5rbsA12rbs
2 S ~12r3

2!eiu3

12r3eiu3
2r32

~12r2!eiu2

12r2eiu1eiu2D .

~17!

To be tuned on the cavity resonant frequencies condi
~13! for the FS cavity must be met, along with the followin
condition for the FP cavity:

u352mp, ~18!

wherem is an integer. Substituting Eqs.~18! and ~13! into
Eq. ~17! gives Lout50 which means it functions as a da
port. For the phase noise to cancel the dispersion of the l
phase reflected from both cavities with respect to freque
must be equal.

D. Phase response of the FS and FP cavities

To calculate the phase response the argument of the
flection coefficients are differentiated with respect to t
phase lengths of the cavities and calculated on resona
For the FP cavity the argument ofGFP,fFP, is differentiated
with respect tou3 to give

dfFP

du3
U

u352mp

5
11r3

12r3
. ~19!

Likewise the argument ofGFS,fFS, is differentiated with
respect touT5u11u2 to give

dfFS

duT
U

uT52~n11n2!p

5
1

2 S 11r2

12r2D . ~20!

The phase shift in the arms of the FP and FS cavity
related to the length byu3522kL3 and uT522k(L1
1L2), wherek52p f /c, wherec is the speed of light andf
is the laser frequency. Thus the dispersion of the reflec
light with respect to frequency of the laser when incident
the resonant frequency can be calculated to be

dfFP

d f
52S 11r3

12r3
D S 4p

c DL3 , ~21a!

dfFS

d f
52S 11r2

12r2D S 4p

c D S L11L2

2 D . ~21b!

For the phase noise to cancel the dispersion relations g
by Eq. ~21! must be designed to be equal. This can
achieved by designing the length and reflectivity of the ca
ties appropriately.

E. Condition for phase noise cancellation

By equating Eqs.~21a! and~21b! the relation between the
reflection coefficient of the input beam splitter of the F
cavity, r, and the input mirror of the FP cavityr3 can be
shown to be
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r3512
2g~12r2!

11r21g~12r2!
, ~22!

whereg52L3 /(L11L2) is the length ratio between the av
erage arm length of the FS cavity and the length of the
cavity. To calculate the Finesse of the required FP cavity
following formula can then be used:

FFP5
pAr3

12r3
, ~23!

whereFFP is the cavity finesse.

F. Signal phase sensitivity

Gravitational waves interacting with the free-mass syst
will cause small perturbations in the FS interferometer arm
but will not change the path length significantly of the rig
FP cavity. Assuming a small differential motion of the tw
arms of the FS cavity, the phase given by Eqs.~13! and~18!
may be rewritten as

u152n1p1Du, u252n2p2Du, u352mp, ~24!

whereDu is the phase perturbation in each arm. Substitut
Eq. ~24! into Eq. ~17! gives the change in amplitude at th
dark port asDAout'0, for a high finesse system, and show
the scheme is insensitive to differential motion of the e
mirrors.

On the other hand, a common-mode shift of the two ar
requires the phase shift of the cavities to be given by

u152n1p1Du, u252n2p1Du, u352mp. ~25!

Substituting Eq.~25! into Eq. ~17! and assumingDu!1,
then the corresponding change in amplitude at the dark
can be calculated to be

DAout52 irbsA12rbs
2 S 11r2

12r2DDu. ~26!

This has maximum sensitivity when the beam splitter refl
tion coefficient isrbs51/&. Thus, for a high finesse system
wherer→1, thenuDAoutu'Du/(12r2), which is a factor of
2 smaller than the FS system without phase noise canc
tion @given by Eq.~16!#. This is the price to pay to cancel th
phase noise.

VI. SENSITIVITY COMPARISON TO THE
CONVENTIONAL DIFFERENTIAL GRAVITATIONAL

WAVE INTERFEROMETER

A. Single pass Michelson interferometer

First we consider the conventional single pass grav
tional interferometer as shown in Fig. 9. Here the laser be
is split in two and interfered at the output after they trave
through the two independent interferometer arms. The ph
difference between the two signals must be exactly equa
cancel the phase noise at the output of the interferome
2-10
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i.e.,u15u2 in Fig. 9. At this setting it is also evident that th
expression for the output in Fig. 9 goes to zero, and is t
dark.

This detector is sensitive to differential changes in
arm length and insensitive to common mode changes. If
assume that a very small phase shift is introduced, due
arm of lengthL changing corresponding to a phase shift
6Du in arm 1 and arm 2, respectively, then the change in
output amplitude will be given by

DAout52irbsA12rbs
2 eiu1Du. ~27!

This is maximized whenrbs is equal to 1/&, i.e., the power
split provided by the beam splitter is equal, and in this c
uDAoutu5Du.

B. Fabry-Pérot Michelson interferometer

Most proposed large scale interferometers will use
cavities in the interferometer arms to enhance the sensitiv
For this configuration the input mirror reflectivity and pha
length of both arms must be well matched to cancel
phase noise at the output port. The form of the reflect
coefficient from a FP cavity is shown in Fig. 8. If we add tw
FP cavities in the arms of the Michelson interferome
shown in Fig. 9 the amplitude at the output port can
shown to be

Aout5rbsA12rbs
2 S ~12r f p

2 !eiu1

12r f peiu1
2

~12r f p
2 !eiu2

12r f peiu2
D .

~28!

Here it is assumed that the two input mirrors of the FP ca
ties have the same reflection coefficient ofr f p . From Eq.
~28! it is evident that if the phases of the two arms a
matched then Eq.~28! equals zero and the output port
dark. To calculate the signal sensitivity we assume
phases of the arm lengths are perturbed around the reso
frequencies with a differential signal so thatu152np1Du
andu252np2Du. Substituting into Eq.~28! gives

DAout52irbsA12rbs
2 S 11r f p

12r f p
DDu. ~29!

FIG. 9. Single pass Michelson Interferometer.
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Again this is maximized when the beam splitter reflecti
coefficient is 1/&, and is given byuDAoutu5(11r f p)/(1
2r f p)Du. In this case, the sensitivity compared to the sin
pass Michelson interferometer has increased by the ph
response of the FP cavity@given by Eq.~19!#.

C. Requirements to detect common-mode induced signals
at a similar sensitivity as LIGO

The Laser Interferometric Gravitational Wave Observ
tory ~LIGO! detector will operate as a Michelson interferom
eter with matched FP cavities in each arm. Thus the se
tivity of the signal is governed by Eq.~29!. To compare the
sensitivity we assume that the noise sources for the FS in
ferometer are identical and hence we only compare the si
response. This comparison assumes the phase noise ca
lation cavity is rigid; the effects of its nonrigidity are dis
cussed in detail later.

The initial LIGO specifications require the input mirro
to have a reflectivity of order 0.97@27#, which corresponds
to FP cavities with a finesse of about 200 and storage tim
order 1 ms. From Eq.~29! the signal will be amplified by a
factor of 65, due to the FP cavities. To achieve the sa
amplification factor in the FS interferometer, from Eq.~26!,
a beam splitter reflectivity of 0.9924 is required. Followin
this, the reflectivity and finesse of the rigid dummy cav
necessary to cancel the phase noise can be calculated
Eqs. ~22! and ~23!. For example, given that the LIGO arm
length is 4 km, an 8 m cavity will require a cavity finesse o
100 000, which can be easily obtained. Cavity finesse of
to 2 million have been measured previously@28#, and the
required finesse scales inversely to the length. In this ca
length of only 0.4 m would be required. Practically th
length could be adjusted to give the required phase n
cancellation. Also, in such a high finesse cavity not all of t
power may be reflected. To compensate this the transm
and reflected power could be recombined before interfere
in the beam splitter. Like the conventional scheme, the
interferometer can be fitted with a power recycling mirror
the laser input port, and a signal recycling mirror at the o
put port.

D. Implications of longitudinal resonances
in the rigid FP cavity

The frequency noise cancellation FP cavity would ha
similarities to a resonant bar detector. First it must be vib
tion isolated and second it will have longitudinal resonan
that depend on its length. However, for the structure to w
as we intend it must seem rigid and therefore the first lon
tudinal resonances must be higher than the frequencie
detection. Thus we have two contradictory requirements:~1!
the length of the rigid cavity must be long to create the sa
phase shift as the FS interferometer and~2! the rigid cavity
must be kept short to keep the first longitudinal resona
above the detection frequency of interest. In this section
analyze the relation between the required FP cavity fine
with respect to the length and resonant frequency of
cavity.
2-11
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Our analysis takes into consideration the lowest reson
frequency of our rigid structure, namely the first longitudin
resonance. It is usual to model the first longitudinal re
nance by two masses of half the total mass, joined toge
by a spring. It is well known that near the resonant freque
of a bar detector there is enhanced sensitivity to gravitatio
waves. Combining the mass spring model with the techni
to calculate the response introduced in Sec. II, it is eas
show that the response of the bar to unpolarized Eins
quadrupole and Brans-Dicke scalar radiation is the sa
Typically the antenna pattern is a doughnut shape with
maximum sensitivity for directions orthogonal to the long
tudinal axis of the bar, and zero sensitivity along the lon
tudinal axis. The spectral displacement sensitivity betw
the two ends of the bar with respect to frequency,v, may be
written as@29#

X1~v!5
l 1v2H~v!

~v22v0
2!2 j

v

t

. ~30!

Here H(v) is the strain signal density,l 1 is the effective
length,v0 is the resonant frequency, andt the decay time of
the resonance. For an interferometer of arm lengthL the
displacement as a function of frequency is equal to

X2~v!5 l 2H~v!. ~31!

The above is only true for one pass of laser light; given t
we must make the optical path lengthl opt equal in both cases
then the normalized response,r̃ (v), measured at the outpu
of the interferometer can be calculated from Eqs.~30! and
~31! to be

r̃ ~v!5
X2~v!2X1~v!

H~v!l opt

5

v0
21 j

v

t

v0
22v21 j

v

t

. ~32!

A plot of Eq. ~32! is shown in Fig. 10.
From Fig. 10 it is evident that below the resonant fr

quency the response from Eq.~30! is small and the main
component of Eq.~32! comes from Eq.~31!. For frequencies
in this regime the interferometer is sensitive to the comm
mode motion of the free masses of the FS interferometer
the resonant frequency the response is enhanced due t
resonant nature of Eq.~30!. This may be useful to detec
gravitational waves, however, the response cannot dis
guish whether or not the incident radiation is quadrupole
scalar. Therefore, to utilize the interferometer as suggeste
this paper, it may be prudent to damp the motion of
resonance to artificially reduce theQ factor and the size o
the resonant motion, and thus its effect. Above resonance
mass behaves like a free mass~ignoring other resonances o
course!. This is not useful as at these frequencies the gra
tational wave signal will experience cancellation as well
sensitivity to the laser phase noise.
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The material must be chosen to have low losses to k
the internal thermal noise low, and have a high sound ve
ity, v, to keep the longitudinal resonance high. The reson
frequency of the bar mainly depends on the length and m
be approximated by

v05
pn

l 1
. ~33!

Therefore if we chose a material such as sapphire withv
510 km/s then for a 0.4 m long cavity the longitudinal res
nant frequency will be 12.5 kHz. It is easy to obtain bou
of sapphire this long. Thermal noise in the vicinity of th
resonance will be a problem, however sapphire has an
tremely high-Q and has been shown to be an ideal test m
for an interferometer@30,31#. Also, its properties are furthe
enhanced on cooling, i.e., itsQ increases@32# and so does its
dimensional stability@33#. For this reason it has been pro
posed to cool sapphire test masses in an interferometer@5#.
The rigid cavity may be housed in a vacuum chamber in
pendent of the interferometer, and could be cooled and
brationally isolated in a similar way to a resonant bar det
tor. This would ensure low noise operation. An elegant w
to cold damp the acoustic resonance in a sapphire bar w
out adding noise is to excite microwave whispering galle
modes in the circumference of the sapphire and use the p
metric interaction between the resonances@34#. A plot of the
cavity finesse as a function of the fundamental longitudi
resonance for niobium, aluminium 5056 and sapphire
shown in Fig. 11. These materials have all been found
have good acoustic properties and can be considered to m
the noise cancellation cavity.

The resonant frequency of the phase noise cancella
cavity sets an upper limit to the detection of the commo
mode free-mass motion induced by gravitational waves.
implementing a sapphire cavity with state-of-the-art mirro
the resonant frequency may be kept as high as 104 Hz.
Ground-based kilometer interferometers such as VIRGO

FIG. 10. Normalized output of the response of an incident gra
tational wave causing a common mode excitation in the F-S in
ferometer with a rigid F-P cavity for phase noise cancelation
shown in Fig. 8. A—when the fundamental longitudinal res
nance has aQ→`; B—when theQ is reduced to 10; C—when the
Q is reduced to 1.
2-12
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LIGO expect to detect sources in the 10– 104 Hz frequency
band, and thus the technique is practical with current te
nology. Key sources in this frequency range are black h
births, vibrating and precessing neutron stars, stellar c
collapse and coalescences of binaries. If any of the ab
processes are largely symmetrical it may be possible to
tect a scalar component of the radiation if it exists.

VII. CONCLUSION

We have shown how the different types of possible gra
tational waves will excite a free-mass system in the lo
frame. In particular, the knowledge of both the different
and common mode induced signals will provide importa

FIG. 11. Required cavity finesse of the noise cancelation ca
as a function of the fundamental longitudinal resonan
A—sapphire with v510 km/s; B—aluminium 5056 withv
55.1 km/s; C—niobium withv53.4 km/s.
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information to determine the direction of the incoming sign
and help determine between different theories of gravitati
Also, it was shown that a differential detector such as
Michelson interferometer can detect all possible types
gravitational radiation depending on the direction.

To detect the common-mode motion of the free-mass s
tem, the conventional differential interferometric gravit
tional wave detector can be reconfigured. This is done
simply rotating the beam splitter by 90° and is an adaptat
of the Fox-Smith interferometer. In addition, there is no ne
to create separate FP resonance in each arm to ob
multiple-pass enhancement in the sensitivity. All that
needed is a high reflectivity beam splitter to produce a h
finesse FS cavity. The disadvantage to this scheme is
sensitivity to phase noise. A method to cancel the ph
noise without cancelling the signal was proposed. Given t
the LIGO project will operate with multibeams in the dete
tor, this configuration could be set up in parallel to the co
ventional differential detection scheme.
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